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According to Lovelock’s theorem, the Hilbert-Einstein and the Lovelock actions are indistinguishable
from their field equations. However, they have different scalar-tensor counterparts, which correspond to the
Brans-Dicke and the Lovelock-Brans-Dicke (LBD) gravities, respectively. In this paper the LBD model of
alternative gravity with the Lagrangian density LLBD = 116π
[
φ
(
R + a√−g
∗RR + bG
)
− ωL
φ
∇αφ∇αφ
]
is developed,
where ∗RR and G respectively denote the topological Chern-Pontryagin and Gauss-Bonnet invariants. The
field equation, the kinematical and dynamical wave equations, and the constraint from energy-momentum
conservation are all derived. It is shown that, the LBD gravity reduces to general relativity in the limit ωL → ∞
unless the “topological balance condition” holds, and in vacuum it can be conformally transformed into
the dynamical Chern-Simons gravity and the generalized Gauss-Bonnet dark energy with Horndeski-like or
Galileon-like kinetics. Moreover, the LBD gravity allows for the late-time cosmic acceleration without dark
energy. Finally, the LBD gravity is generalized into the Lovelock-scalar-tensor gravity, and its equivalence
to fourth-order modified gravities is established. It is also emphasized that the standard expressions for the
contributions of generalized Gauss-Bonnet dependence can be further simplified.
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I. INTRODUCTION
As an alternative to the various models of dark energy with
large negative pressure that violates the standard energy con-
ditions, the accelerated expansion of the Universe has inspired
the reconsideration of relativistic gravity and modifications of
general relativity (GR), which can explain the cosmic accel-
eration and reconstruct the entire expansion history without
dark energy.
Such alternative and modified gravities actually encode the
possible ways to go beyond Lovelock’s theorem and its nec-
essary conditions [1], which limit the second-order field equa-
tion in four dimensions to Rµν − Rgµν/2 + Λgµν = 8πGT (m)µν ,
i.e. Einstein’s equation supplemented by the cosmological
constant Λ. These directions can allow for, for example,
fourth and even higher order gravitational field equations [2–
5], more than four spacetime dimensions [6, 7], extensions of
pure pseudo-Riemannian geometry and metric gravity [7, 8],
extra physical degrees of freedom [9–12], and nonminimal
curvature-matter couplings [13, 14]. From a variational ap-
proach, these violations manifest themselves as different mod-
ifications of the Hilbert-Einstein action, such as extra curva-
ture invariants, scalar fields, and non-Riemannian geometric
variables.
For the Lovelock action in Lovelock’s theorem and the
Hilbert-Einstein-Λ action, it is well known that they yield the
same field equation and thus are indistinguishable by their
gravitational effects. When reconsidering Lovelock’s theo-
rem, we cannot help but ask whether the effects of these two
actions are really the same in all possible aspects. Is there any
way for the two topological sources in the Lovelock action to
show nontrivial consequences? As a possible answer to this
∗ wtian@mun.ca
† ibooth@mun.ca
question, we propose the Lovelock-Brans-Dicke gravity.
This paper is organized as follows. In Sec. II, the Lovelock-
Brans-Dicke gravity is introduced based on Lovelock’s the-
orem, and its gravitational and wave equations are derived
in Sec. III. Section IV studies the behaviors at the infinite-
Lovelock-parameter limit ωL → ∞, and Sec. V derives the
constraint from energy-momentum conservation. Section VI
shows that in vacuum the Lovelock-Brans-Dicke gravity can
be conformally transformed into the dynamical Chern-Simon
gravity and the generalized Gauss-Bonnet dark energy with
Horndeski-like or Galileon-like kinetics. Then the possibility
of realizing the acceleration phase for the late-time Universe
is discussed in Sec. VII. Finally, in Sec. VIII the Lovelock-
Brans-Dicke theory is extended to the Lovelock-scalar-tensor
gravity, and its equivalence to fourth-order modified gravities
is analyzed. Throughout this paper, we adopt the sign conven-
tions Γαβγ = Γ
α
βγ, R
α
βγδ = ∂γΓ
α
δβ − ∂δΓαγβ · · · and Rµν = Rαµαν
with the metric signature (−,+ + +).
II. LOVELOCK-BRANS-DICKE ACTION
An algebraic Riemannian invariant R˜ = R˜
(
gαβ ,Rαµβν
)
in
the action
∫
d4x√−g R˜ generally leads to fourth-order gravi-
tational field equations by the variational derivative
δ
(√−gR˜)
δgµν
=
∂
(√−gR˜)
∂gµν
−∂α
∂
(√−gR˜)
∂(∂αgµν) +∂α∂β
∂
(√−gR˜)
∂(∂α∂βgµν) . (1)
Lovelock found out that in four dimensions the most general
action leading to second-order field equations is [1]
S=
∫
d4x
√−g L + Sm with (2)
L=
1
16πG
(
R − 2Λ + a
2√−g ǫαβµνR
µν
γδR
αβγδ + bG
)
,
2where Λ is the cosmological constant, {a , b} are dimensional
coupling constants, and without any loss of generality we have
set the coefficient of R equal to one. Also, ǫαβµν refers to the
totally antisymmetric Levi-Civita pseudotensor with ǫ0123 =√−g, ǫ0123 = 1√−g , and {ǫαβµν, ǫαβµν} can be obtained from
each other by raising or lowering the indices with the metric
tensor. In Eq.(2), ǫαβµνRµν γδRαβγδ and G respectively refer to
the Chern-Pontryagin density and the Gauss-Bonnet invariant,
with
G ≔ R2 − 4RµνRµν + RµανβRµανβ. (3)
The variational derivatives δ(ǫαβµνRµν γδRαβγδ)/δgµν and
δ(√−gG)/δgµν yield total derivatives which serve as boundary
terms in varying the full action Eq.(2). The Chern-Pontryagin
scalar ǫαβµνRµν γδR
αβγδ is proportional to the divergence of the
topological Chern-Simons four-current Kµ [11],
ǫαβµνRµν γδR
αβγδ = −8 ∂µKµ with
Kµ = ǫµαβγ
(
1
2
Γ
ξ
ατ∂βΓ
τ
γξ +
1
3Γ
ξ
ατΓ
τ
βηΓ
η
γξ
)
,
(4)
and similarly, the topological current for the Gauss-Bonnet in-
variant is (see Refs.[15, 16] for earlier discussion and Ref.[17]
for further clarification)
√−gG = −∂µJµ with
Jµ =
√−g ǫµαβγǫ ξζρσ Γρξα
(
1
2
Rσζβγ −
1
3Γ
σ
λβΓ
λ
ζγ
)
.
(5)
Hence, the covariant densities ǫαβµνRµν γδR
αβγδ and √−gG in
Eq.(2) make no contribution to the field equation δS/δgµν = 0.
According to Lovelock’s theorem, one cannot tell whether
Einstein’s equation Rµν − 12 Rgµν = 8πGT (m)µν comes from the
customary Hilbert-Einstein action
SHE = 116πG
∫
d4x
√−g R + Sm , (6)
or from the induced Lovelock action1
SL =
∫
d4x
√−g LL + Sm with
LL =
1
16πG
(
R +
a√−g
∗RR + bG
)
,
(7)
where for simplicity we switch to the denotation
∗RR ≔
1
2
ǫαβµνRµν γδR
αβγδ (8)
for the Chern-Pontryagin density, as the symbol ∗RR has
been widely used in the literature of Chern-Simons gravity
1 Note that not to confuse with the more common “Lovelock action” for
the topological generalizations of the Hilbert-Einstein action to generic N
dimensions that still preserves second-order field equations, as in Ref.[6].
[11, 18, 19]. In Eqs.(2), (6) and (7), the matter action Sm
is given in terms of the matter Lagrangian density Lm by
Sm =
∫
d4x√−g Lm, and the stress-energy-momentum den-
sity tensor T (m)µν is defined in the usual way by [20]
δSm = −12
∫
d4x
√−g T (m)µν δgµν with
T (m)µν ≔
−2√−g
δ
(√−g Lm)
δgµν
.
(9)
The indistinguishability between SL and SHE from their
field equations begs the question: Does Einstein’s equation
come fromSL or SHE? Is there any way to discriminate them?
Recall that GR from SHE has a fundamental scalar-tensor
counterpart, the Brans-Dicke gravity [9],
SBD =
∫
d4x
√−g LBD + Sm with
LBD =
1
16π
(
φR − ωBD
φ
∇αφ∇αφ
)
,
(10)
which proves to be a successful alternative to GR that passes
all typical GR tests [21], and it is related to GR by
LHE =
R
16πG
⇒ LBD = 116π
(
φR − ωBD
φ
∇αφ∇αφ
)
.
(11)
That is to say, Brans-Dicke firstly replaces the matter-gravity
coupling constant G with a pointwise scalar field φ(xα) in ac-
cordance with the spirit of Mach’s principle, G 7→ φ−1, and
further adds to the action a formally canonical kinetic term
−ωBD
φ
∇αφ∇αφ governing the kinetics of φ(xα). Applying
this prescription to the Lovelock action Eq.(7), we obtain
LL =
1
16πG
(
R +
a√−g
∗RR + bG
)
(12)
⇒ LLBD = 116π
[
φ
(
R +
a√−g
∗RR + bG
)
− ωL
φ
∇αφ∇αφ
]
,
where the Lovelock parameterωL is a dimensionless constant.
Based on Eq.(12), we obtain what we dub as the Lovelock-
Brans-Dicke (henceforth LBD) gravity with the action
SLBD =
∫
d4x
√−g LLBD + Sm , (13)
or the Lanczos-Lovelock-Brans-Dicke gravity, as Lovelock’s
theorem is based on Lanczos’ discovery that an isolated ∗RR
or G in the action does not affect the field equation [22].
Unlike the δ(∗RR)/δgµν and δ(√−gG)/δgµν in δSL/δgµν, the[
φδ(∗RR)] /δgµν and [φδ(√−gG)] /δgµν for δSLBD/δgµν are no
longer pure divergences, because the scalar field φ(xα) as a
nontrivial coefficient will be absorbed into the variations of
∗RR and √−gG when integrating by parts. Hence, although
SL and SHE are indistinguishable, their respective scalar-
3tensor counterparts SLBD and SBD are different.
Note that the cosmological-constant term −2Λ in Eq.(2) is
temporarily abandoned in LL; otherwise, it would add an ex-
tra term −2Λφ to LLBD, which serves as a simplest linear po-
tential. This is primarily for a better analogy between the LBD
and the Brans-Dicke gravities, as the latter in its standard form
does not contain a potential term V(φ), and an unspecified po-
tential V(φ) would cause too much arbitrariness to LLBD.
Also, Lovelock’s original action Eq.(2) concentrates on the
algebraic curvature invariants; in fact, one can further add
to Eq.(2) the relevant differential terms R, ∗RR, and G
( = gαβ∇α∇β denoting the covariant d’Alembertian), while
the field equation will remain unchanged. This way, the grav-
itational Lagrangian density in Eq.(7) is enriched into
L =
1
16πG
(
R +
a∗RR√−g + bG + cR + d
∗RR + eG
)
, (14)
with {c, d, e} being constants, and its Brans-Dicke-type coun-
terpart extends Eq.(12) into
L =
1
16π
[
φ
(
R +
a√−g
∗RR + bG
)
− ωL
φ
∇αφ∇αφ
+ φ
(
cR + d∗RR + eG
)]
,
(15)
where φ · (cR + d∗RR + eG) have nontrivial contribu-
tions to the field equation. However, unlike ∗RR and √−gG
which are divergences of their respective topological cur-
rent as in Eqs.(4) and (5), {R, ∗RR, G} are total deriva-
tives simply because the d’Alembertian  satisfies √−gΘ =
∂α
(√−g gαβ∂βΘ) when acting on an arbitrary scalar field Θ;
in this sense, these differential boundary terms which contain
fourth-order derivatives of the metric are less interesting than
∗RR and G. In this paper, we will focus on the LBD grav-
ity LLBD Eq.(12) built upon the original Lovelock action and
Lovelock’s theorem, rather than Eq.(15) out of the modified
action Eq.(14).
III. GRAVITATIONAL AND WAVE EQUATIONS
In this section we will work out the gravitational field equa-
tion δSLBD/δgµν = 0 and the wave equation δSLBD/δφ = 0
for the LBD gravity. First of all, with δgαβ = −gαµgβνδgµν,
δΓλαβ =
1
2 g
λσ
(
∇αδgσβ + ∇βδgσα − ∇σδgαβ
)
, and the Palatini
identity δRλαβγ = ∇β
(
δΓλγα
)
−∇γ
(
δΓλβα
)
[23], for the first term
φR in LLBD it is easy to work out that
1√−g
δ(√−gφR)
δgµν
 −12φRgµν + φRµν +
(
gµν − ∇µ∇ν
)
φ,
(16)
where  means equality by neglecting all total-derivative
terms which are boundary terms for the action.
III.1. Coupling to the Chern-Pontryagin invariant
The Chern-Pontryagin density ∗RR in LLBD measures the
gravitational effects of parity violation through
∫
d4xφ∗RR
for its dependence on the Levi-Civita pseudotensor. In ad-
dition to Eq.(8), ∗RR is related to the left dual of the Riemann
tensor via
∗RR =
1
2
(
ǫαβµνRµνγδ
)
Rαβγδ = ∗RαβγδRαβγδ . (17)
Applying the Ricci decomposition Rαβγδ = Cαβγδ+ 12
(
gαγRβδ−
gαδRβγ + gβδRαγ − gβγRαδ
)
− 16
(
gαγgβδ − gαδgβγ
)
R to Eq.(17)
and using the cyclic identity Cαβγδ +Cαγδβ +Cαδβγ = 0 for the
traceless Weyl tensor, one could find the equivalence
∗RR = ∗CC ≔
1
2
(
ǫαβµνCµνγδ
)
Cαβγδ = ∗CαβγδCαβγδ , (18)
which indicates that the Chern-Pontryagin density is confor-
mally invariant [15] under a rescaling gµν 7→ Ω(xα)2 · gµν of
the metric tensor.
With the Chern-Simons topological current Kµ in Eq.(4),
one can integrate by parts and obtain
∫
d4xφ∗RR =
−4
∫
d4xφ
(
∂µKµ
)
= −4
∫
d4x ∂µ
(
φKµ
)
+ 4
∫
d4x
(
∂µφ
)
Kµ.
Hence, instead of directly varying φ∗RR with respect to the
inverse metric, we firstly vary the four-current Kµ by the Levi-
Civita connection. It follows that
δ
∫
d4xφ∗RR  4
∫
d4x
(
∂µφ
)
δKµ
= 2
∫
d4x
(
∂µφ
)
ǫµαβγRξ ρβγδΓ
ρ
αξ
= 2
∫
d4x
(
∂µφ
)
ǫµαβγRξν
βγ
(
∇ξδgαν − ∇νδgαξ
)
 − 2
∫
d4x
[(
∂µφ
)
ǫµαβγ∇ξRξν βγ +
(
∂µ∂ξφ
)
ǫµαβγRξν βγ
]
δgαν
= − 4
∫
d4x
[(
∂µφ
)
ǫµαβγ∇βR νγ +
(
∂µ∂ξφ
) ∗Rµαξν] δgαν (19)
= 4
∫
d4x
[(
∂µφ
)
ǫµαβγ∇βRγν +
(
∂µ∂ξφ
) ∗Rµ ξα ν] δgαν, (20)
where, in the third row we expanded δΓραξ and made use of
the cancelation Rξν
βγ
∇αδgξν = 0 due to the skew-symmetry
for the indices ξ ↔ ν; in the fourth row, we applied the re-
placement ∇ξRξν βγ = ∇βR νγ − ∇γR νβ in accordance with the
relation
∇αRαµβν = ∇βRµν − ∇νRµβ, (21)
which is an implication of the second Bianchi identity∇γRαµβν
+∇νRαµγβ+∇βRαµνγ = 0; in the last step, we raised the indices
of δgαν to δgαν and thus had the overall minus sign dropped.
In Eq.(20) we adopted the usual notation ∂µφ ≡ gµˆµ∂µˆφ, and
note that
(
∂µ∂ξφ
) ∗Rµ ξα ν , (∂µ∂ξφ) ∗Rµαξν since in general the
metric tensor does not commute with partial derivatives and
thus ∂µ∂ξφ = gµµˆ∂µˆ
(
gξ ˆξ∂
ˆξφ
)
, gµµˆgξ ˆξ∂µˆ∂ ˆξφ. Relabel the in-
4dices of Eq.(19) and we obtain the variational derivative
1√−g
δ
(
φ∗RR
)
δgµν
≕ H(CP)µν and
√−g H(CP)µν =2∂ξφ ·
(
ǫξµαβ∇αRβν + ǫξναβ∇αRβµ
)
+ 2∂α∂βφ ·
(∗Rα βµ ν + ∗Rα βν µ) . (22)
Compared with Eq.(16), H(CP)µν does not contain a − 12φ∗RRgµν
term, because ∗RR by itself already serves as a covariant den-
sity as opposed to the usual form √−gR for other curvature
invariants.
Note that the nonminimal coupling between a scalar field
and ∗RR is crucial to the Chern-Simons gravity; however,
its original proposal Ref. [11] had adopted the opposite ge-
ometric system which uses the metric signature (+,− − −),
the conventions {Rαβγδ = ∂δΓαγβ · · · , Rµν = Rαµαν}, Ein-
stein’s equation Rµν − 12 Rgµν = −8πGT (m)µν , and the defini-
tion ∗RR = −∗Rαβγδ Rαβγδ = − 12
(
ǫαβµνRµνγδ
)
Rαβγδ. This has
caused quite a few mistakes in the subsequent Chern-Simons
literature that adopt different conventions, and we hope the de-
tails in this subsection could correct these misunderstandings.
Also, in Eq. (22), the quantities {ǫξµαβ, Kµ, ∗RR, Rβν , ∗Rβµαν}
have the same values in both sets of sign conventions. See our
note Ref.[24] for further clarification of this issue.
III.2. Coupling to the Gauss-Bonnet invariant
The third term φG in LLBD represents the nonminimal cou-
pling between the scalar field and the Gauss-Bonnet invariant
G = R2 − 4R2c + R2m, where we have employed the straight-
forward abbreviations R2c ≔ RαβRαβ and R2m ≔ RαµβνRαµβν
to denote the Ricci and Riemann tensor squares. Following
the standard procedures of variational derivative as before in
δ
(√−gφR) /δgµν, we have
δ
(√−gφG)
√−g δgµν =
δ(φR2)
δgµν
−4δ(φR
2
c)
δgµν
+
δ(φR2m)
δgµν
− 1
2
φGgµν, (23)
with
δ
(
φR2
)
δgµν
 2φRRµν + 2
(
gµν − ∇µ∇ν
) (
φR
) (24)
δ
(
φR2c
)
δgµν
 2φR αµ Rαν + 
(
φRµν
)
− ∇α∇ν
(
φR αµ
)
−∇α∇µ (φR αν ) + gµν∇α∇β (φRαβ) (25)
δ
(
φR2m
)
δgµν
 2φRµαβγR αβγν + 4∇β∇α
(
φRαµβν
)
, (26)
where total-derivative terms have been removed. Recall that
besides Eq.(21), the second Bianchi identity also has the fol-
lowing implications which transform the derivative of a high-
rank curvature tensor into that of lower-rank tensors plus non-
linear algebraic terms:
∇αRαβ = 12 ∇βR (27)
∇β∇αRαβ = 12 R (28)
∇β∇αRαµβν = Rµν − 12∇µ∇νR + RαµβνR
αβ − R αµ Rαν (29)
∇α∇µRαν + ∇α∇νRαµ = ∇µ∇νR − 2RαµβνRαβ + 2R αµ Rαν.(30)
Using Eq.(21) and Eqs.(27)-(30) to expand the second-order
covariant derivatives in Eqs.(24)-(26), and putting them back
into Eq.(23), we obtain
1√−g
δ(√−gφG)
δgµν
≕ H(GB)µν with
H(GB)µν =φ
(
2RRµν − 4R αµ Rαν − 4RαµβνRαβ + 2RµαβγR αβγν
)
+2R
(
gµν − ∇µ∇ν
)
φ + 4R αµ ∇α∇νφ + 4R αν ∇α∇µφ
−4Rµνφ − 4gµνRαβ∇α∇βφ + 4Rαµβν∇β∇αφ
−1
2
φGgµν, (31)
where the second-order derivatives {,∇α∇ν, etc} only act on
the scalar field φ.
However, we realize that Eq.(31) is still not the ul-
timate expression. In four dimensions, √−gG is pro-
portional to the Euler-Poincare´ topological density, G =(
1
2 ǫαβγζR
γζηξ
)
·
(
1
2 ǫηξρσR
ρσαβ
)
= ∗R ηξαβ · ∗R αβηξ , and the in-
tegral 132π2
∫
dx4 √−gG equates the Euler characteristic χ(M)
of the spacetime. Thus δ
δgµν
∫
dx4 √−gG = 32π2 δ
δgµν χ(M) ≡
0. Based on Eqs.(24)-(26), one could easily obtain the
Bach-Lanczos identity from the explicit variational derivative
δ
(√−gG) /δgµν,
2RRµν −4R αµ Rαν −4RαµβνRαβ +2RµαβγR αβγν ≡
1
2
Ggµν, (32)
with which Eq.(31) can be best simplified into
H(GB)µν =2R
(
gµν − ∇µ∇ν
)
φ + 4R αµ ∇α∇νφ + 4R αν ∇α∇µφ
−4Rµνφ − 4gµν · Rαβ∇α∇βφ + 4Rαµβν∇β∇αφ, (33)
whose trace is
gµνH(GB)µν = 2Rφ − 4Rαβ∇α∇βφ. (34)
In the existent literature, the effects of the generalized and
thus nontrivial Gauss-Bonnet dependence for the field equa-
tions are generally depicted in the form analogous to Eq.(31),
such as the string-inspired Gauss-Bonnet effective dark en-
ergy [12] with L = 116πG R− γ2∂µϕ∂µϕ−V(ϕ)+ f (ϕ)G, as well
as the R + f (G) [3], the f (R,G) [4] and the f (R,G,Lm) [14]
generalized Gauss-Bonnet gravities. Here we emphasize that
the Gauss-Bonnet effects therein could all be simplified into
5the form of Eq.(33).
III.3. Gravitational field equation
Collecting the results in Eqs.(16), (22), and (33), we finally
obtain the gravitational field equation
φ
(
Rµν − 12 Rgµν
)
− ωL
φ
(
∇µφ∇νφ − 12 gµν∇αφ∇
αφ
)
+
(
gµν − ∇µ∇ν
)
φ + aH(CP)µν + bH(GB)µν = 8πT (m)µν ,
(35)
where H(CP)µν vanishes for all spherically symmetric or confor-
mal flat spacetimes. Eq.(35) yields the trace equation
−φR+ ωL
φ
∇αφ∇αφ+ (3 + 2bR)φ− 4bRαβ∇α∇βφ = 8πT (m),
(36)
where H(CP)µν is always traceless, gµνH(CP)µν ≡ 0 – this is not a
surprise because it equivalently traces back to the effects of
the dual square ∗CC of the traceless Weyl tensor.
Note that in existent studies the invariants ∗RR and G have
demonstrated their importance in various aspects. For exam-
ple, as shown by Eq.(6) of Ref.[25] [recall the equivalence
∗RR = ∗CC in Eq.(18)], in the effective field theory for the
initial cosmic inflation, the only leading-order fluctuations to
the standard inflation action in the tensor modes are the parity-
violation Chern-Pontryagin and the topological Gauss-Bonnet
effects.
III.4. Wave equations
Straightforward extremization of SLBD with respect to the
scalar field yields the kinematical wave equation
2ωL
φ
φ = −R + ωL
φ2
∇αφ∇αφ −
(
a√−g
∗RR + bG
)
, (37)
with φ = 1√−g∂α
(√−g gαβ∂βφ). We regard Eq.(37) as “kine-
matical” because it does not explicitly relate the propagation
of φ to the matter distribution Lm or T (m) = gµνT (m)µν .
Combine Eq.(37) with the gravitational trace equation (36),
and it follows that
(2ωL + 3 + 2bR)φ = −
(
a√−g
∗RR + bG
)
φ
+ 8πT (m) + 4bRαβ∇α∇βφ,
(38)
which serves as the generalized Klein-Gordon equation that
governs the dynamics of the scalar field.
IV. THE ωL → ∞ LIMIT AND GR
From the dynamical equation (38), we obtain
φ =
1
2ωL + 3 + 2bR
{
−
(
a√−g
∗RR + bG
)
φ
+8πT (m) + 4bRαβ∇α∇βφ
}
. (39)
The topology-gravity coupling strengths {a, b} should take
finite values – just like the Newtonian constant G for
matter-gravity coupling. Similarly the curvature invariants
{R, ∗RR,G} for a physical spacetime should be finite, and we
further assume the scalar field φ to be nonsingular. Thus, in
the limit ωL → ∞, Eq.(39) yields φ = O
(
1
ωL
)
and
φ = 〈φ〉 +O
(
1
ωL
)
=
1
G
+O
(
1
ωL
)
, (40)
where 〈φ〉 denotes the expectation value of the scalar field and
we expect it to be the inverse of the Newtonian constant 1/G.
Under the behaviors Eq.(40) in the infinite ωL limit, we have
H(CP)µν = 0 = H(GB)µν , and the field equation (35) reduces to
become Einstein’s equation Rµν − 12 Rgµν = 8πGT (m)µν .
On the other hand, from Eq.(39) we can also observe that
φ ≡ 0 in the special situation
− 4bRαβ∇α∇βφ +
(
a√−g
∗RR + bG
)
φ = 8πT (m), (41)
and the scalar field becomes undeterminable from the dynam-
ical equation (39).
The term −4bRαβ∇α∇βφ comes from the trace gµνH(GB)µν ,
while ∗RR and G are respectively related to the topological
instanton number [15] and the Euler characteristic. Thus, all
terms on the left hand side of Eq.(41) are related to topologi-
cal effects nonminimally coupled with φ, and they cancel out
the trace of the matter tensor. In this sense, we call Eq.(41)
the topological balance condition.
Putting φ ≡ 0 and the condition Eq.(41) back into the
trace equation (36), we obtain
ωL
φ2
∇αφ∇αφ = R + a√−g
∗RR + bG (42)
= −ωL lnφ, (43)
where in the second step we further made use of the expansion
 lnφ = ∇α
(
1
φ
∇αφ
)
= − 1
φ2
∇αφ∇αφ + 1φφ = − 1φ2∇αφ∇αφ
for φ ≡ 0. Thus it follows that
ωL∇α (lnφ)∇α (lnφ) = R + a√−g ∗RR + bG . (44)
For ωL → ∞, this equation gives the estimate
∥∥∥∇α(lnφ) ∥∥∥ ∼
√
R + a√−g
∗RR + bG
ωL
∼ O
(
1√
ωL
)
, (45)
6which integrates to yield lnφ = constant + O
(
1√
ωL
)
. Hence,
φ satisfies
φ ∼ φ0 +O
(
1√
ωL
)
, (46)
where the constant φ0 is the average value of φ. In ac-
cordance with Eq.(42) and the estimate Eq.(46), the term
−ωL
φ
(
∇µφ∇νφ − 12 gµν∇αφ∇αφ
)
in the field equation (35),
which arises from the source −ωL
φ
∇αφ∇αφ in SLBD, will not
vanish. This way, the ωL → ∞ limit could not recover Ein-
stein’s equation and GR in situations where the topological
balance condition Eq.(41) holds, although the existence of
such solutions remains to be carefully checked.
This is similar to the Brans-Dicke theory given by the action
Eq.(10), which recovers GR in the limit ωBD → ∞, unless the
stress-energy-momentum tensor has a vanishing trace T (m) =
0 [26], such as the matter content being radiation with Prad =
1
3ρrad and T
(m)
rad = −ρrad + 3Prad = 0.
V. ENERGY-MOMENTUM CONSERVATION
In modified gravities with the generic Lagrangian density
L = f (R,Ri, · · · ), where Ri = Ri(gαβ ,Rαµβν ,∇γRαµβν , · · · ,
∇γ1∇γ2 . . .∇γn Rαµβν
)
and the “· · · ” in L = f refer to arbi-
trary curvature invariants beyond the Ricci scalar, the energy-
momentum conservation is naturally guaranteed by Noether’s
law or the generalized contracted Bianchi identities [27]
∇µ
 1√−g δ
[√−g f (R,Ri, · · · )]
δgµν
 = 0, (47)
which can be expanded into
fRRµν +
∑
fRiR(i)µν −
1
2
f (R,Ri, · · · ) gµν = 0, (48)
where fR ≔ ∂ f (R,Ri, · · · )/∂R, fRi ≔ ∂ f (R,Ri, · · · )/∂Ri, and
R(i)µν 
( fRiδRi) /δgµν. However, in the more generic situa-
tions of scalar-tensor-type gravities with L = f (φ,R,Ri, · · · )
+̟
(
φ ,∇αφ∇αφ) where nonminimal couplings between the
scalar fields and the curvature invariants are involved, such as
the LBD proposal under discussion, the conservation problem
is more complicated than pure tensorial gravity.
Now let’s get back to the LBD field equation (35). By the
coordinate invariance or the diffeomorphism invariance of the
matter action Sm in which Lm is neither coupled with the
curvature invariants nor the scalar field φ, naturally we have
the energy-momentum conservation ∇µT (m)µν = 0 for the mat-
ter content. Thus, the covariant derivative of the left hand
side of Eq.(35) should also vanish. With the Bianchi identity
∇µ
(
Rµν − 12 Rgµν
)
= 0 and the third-order-derivative commu-
tator (∇ν − ∇ν)φ = −Rµν∇µφ, it follows that
∇µ
[
φ
(
Rµν − 12Rgµν
)
+
(
gµν − ∇µ∇ν
)
φ
]
= −12R∇νφ. (49)
Moreover, for the scalar field, we have
∇µ
[
−ωL
φ
(
∇µφ∇νφ − 12gµν∇αφ∇
αφ
)]
=
1
2
∇νφ ·
(
ωL
φ2
∇αφ∇αφ − 2ωL
φ
φ
)
(50)
=
1
2
∇νφ ·
(
R +
a√−g
∗RR + bG
)
,
where the kinematical wave equation (37) has been employed.
For the Chern-Pontryagin and the Gauss-Bonnet parts in
Eq.(35), consider the componential actionsSCP =
∫
d4xφ∗RR
and SGB =
∫
d4x√−gφG. Under an arbitrary infinitesimal
coordinate transformation xµ 7→ xµ + δxµ, where δxµ = ξµ is
an infinitesimal vector field which vanishes on the boundary,
so that the spacetime manifold is mapped onto itself. Then
SCP and SGB vary by
δSCP = −
∫
d4xφ ∂µ (ξµ∗RR) 
∫
d4x∗RR
(
∂µφ
)
ξµ, (51)
δSGB = −
∫
d4xφ ∂µ
(
ξµ
√−gG
)

∫
d4x
√−gG
(
∂µφ
)
ξµ.
(52)
For the first step in Eqs.(51) and Eqs.(52), one should note that
xµ 7→ xµ + ξµ is a particle/active transformation, under which
the dynamical tensor fields transform, while the background
scalar field φ(xα) and the coordinate system parameterizing
the spacetime manifold remain unchanged [28]. On the other
hand, the inverse metric transforms by gµν 7→ gµν + δgµν with
δgµν = −£~ξgµν = ∇µξν + ∇νξµ, and thus we have
δSCP = 2
∫
d4x
√−g H(CP)µν ∇µξν
 − 2
∫
d4x
√−g
(
∇µH(CP)µν
)
ξν, (53)
δSGB = 2
∫
d4x
√−g H(GB)µν ∇µξν
 − 2
∫
d4x
√−g
(
∇µH(GB)µν
)
ξν. (54)
Comparing Eqs.(51) with (53), and Eqs.(52) with (54), we
obtain the relations
∇µH(CP)µν = −
1
2
∗RR√−g · ∂νφ , (55)
∇µH(GB)µν = −
1
2
G · ∂νφ . (56)
Adding up Eqs.(49), (50), (55), and (56), one could find
that the covariance divergence for the left hand side of the
field equation (35) vanishes, which confirms the energy-
momentum conservation in the LBD gravity.
Eqs.(55) and (56) for the nontrivial divergences of H(CP)µν
and H(GB)µν , by their derivation process, reflect the breakdown
of diffeomorphism invariance for SCP and SGB in SLBD. They
7have clearly shown the influences of nonminimal φ-topology
couplings to the covariant conservation, as opposed to the
straightforward generalized Bianchi identities
∇µ
(
1√−g
δ∗RR
δgµν
)
= 0 and ∇µ
(
1√−g
δ(√−gG)
δgµν
)
= 0. (57)
VI. CONFORMAL TRANSFORMATIONS
The standard LBD action SLBD in Eq.(12) can be trans-
formed into different representations by conformal rescaling
of the spacetime line element, which geometrically preserves
the angles between spacetime vectors and physically retains
local causality structures.
VI.1. Dynamical Chern-Simons gravity
As a simplest example, consider the specialized SLBD in
vacuum and for spacetimes of negligible gravitational effects
from the nonminimally φ−coupled Gauss-Bonnet term. With
Sm = 0 and b = 0, Eq.(12) reduces to become
S = 116π
∫
d4x
[√−g (φR − ωL
φ
∇αφ∇αφ
)
+ aφ∗RR
]
. (58)
For a pointwise scaling field Ω = Ω(xα) > 0, we can rescale
the metric gµν of the original frame into g˜µν via g˜µν = Ω2gµν;
it follows that gµν = Ω−2g˜µν, gµν = Ω2g˜µν,
√−g = Ω−4 √−g˜,
and2 [10]
R = Ω2
[
˜R + 6˜(lnΩ) − 6g˜αβ∂α(lnΩ) ∂β(lnΩ)
]
. (59)
Hence, for the reduced LBD action Eq.(58), the conformal
transformation
gµν =
1
Gφ
· g˜µν (60)
along with the redefinition of the scalar field {ϑ = ϑ(xα), φ =
φ(ϑ)} lead to
S  1
16πG
∫
d4x
 √−g˜  ˜R − 2ωL + 32φ(ϑ)2
(
dφ
dϑ
)2
˜∇αϑ ˜∇αϑ

+aφ(ϑ)∗RR
]
, (61)
where the scalar field ϑ no longer directly couples to the
Ricci scalar ˜R, and thus the 6˜(lnΩ) component in Eq.(59)
has been removed as it simply yields a boundary term
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∫
∂α
[√−g∂α(lnΩ)] d4x for the action. Also, Eq.(61) has uti-
lized the fact that the (1, 3)-type Weyl tensor Cαβγδ and thus
∗RR = ∗CC = ∗˜CC = ∗˜RR are conformally invariant. It is
straightforward to observe from Eq.(61) that the kinetics of ϑ
is canonical for ωL > −3/2, noncanonical for ωL < −3/2, and
nondynamical for ωL = −3/2; here we are interested in the
canonical case. For the specialization
dϑ = ±
√
2ωL + 3
dφ
φ
, (62)
which integrates to yield
ϑ = ±
√
2ωL + 3 ln
φ
φ0
, (63)
where φ0 is an integration constant, or inversely
φ = φ0 exp
(
± ϑ√
2ωL + 3
)
, (64)
the action Eq.(65) finally becomes
S = 116πG
∫
d4x
[ √
−g˜
(
˜R − 12
˜∇αϑ ˜∇αϑ
)
+aφ0 exp
(
± ϑ√
2ωL + 3
)
∗˜RR
]
.
(65)
Hence, the conformal rescaling gµν = g˜µν/Gφ along with the
new scalar field ϑ(xα) recast the reduced LBD action Eq.(58)
into Eq.(65), which is an action for the dynamical Chern-
Simons gravity [19], though the nonminimal ϑ–∗˜RR coupling
is slightly more complicated than the straightforward ϑ∗˜RR as
in the popular Chern-Simons literature. Moreover, the confor-
mal invariance of ∗RR guarantees that the effect of
∫
d4xφ∗RR
could never be removed by conformal transformations.
Note that the matter action Sm(gµν, ψm) would be trans-
formed into Sm(g˜µν/Gφ, ψm) (in general S m does not contain
derivatives of the metric tensor [20]), which are different in
the φ–Sm or φ–Lm couplings; consequently T (m)µν fails to be
conformally invariant unless it is traceless T (m) = 0 [10]. This
is why we focus on the vacuum situation.
VI.2. Generalized Gauss-Bonnet dark energy
Similarly, in vacuum and for spacetimes of negligible
Chern-Simons parity-violation effect, SLBD reduces into
S = 1
16π
∫
d4x
[√−g (φR + bφG − ωL
φ
∇αφ∇αφ
)]
. (66)
Under the local rescaling gµν 7→ g˜µν = Ω2gµν for the metric,
the Gauss-Bonnet scalar satisfies [29]
2 Compared with R = Ω2
[
˜R + 6˜Ω/Ω − 12g˜αβ∂αΩ∂βΩ/Ω2
]
, Eq.(59) best
isolates pure-divergence terms and thus most simplifies the action once the
coefficient of R is reset into unity. Moreover, by employing lnΩ instead of
Ω, the transformations R → ˜R becomes skew-symmetric to ˜R → R.
8G = Ω4
{
G˜ − 8 ˜Rαβ ˜∇α ˜∇β(lnΩ) − 8 ˜Rαβ ˜∇α(lnΩ) ˜∇β(lnΩ) + 4 ˜R ˜(lnΩ) + 8 [˜(lnΩ)]2 − 8˜(lnΩ) · ˜∇α(lnΩ) ˜∇α(lnΩ)
− 8 ˜∇α ˜∇β(lnΩ) · ˜∇α ˜∇β(lnΩ) − 16 ˜∇α ˜∇β(lnΩ) · ˜∇α(lnΩ) ˜∇β(lnΩ)
}
.
(67)
Set the factor of conformal transformation to be Ω =
√
Gφ
so that the Ricci scalar decouples from the scalar field, and
redefine the scalar field via φ(xα) 7→ ϕ(xα) = √2ωL + 3 ln φφ0
or equivalently φ = φ0 exp
(
ϕ√
2ωL+3
)
; then it follows that
lnΩ = 1
2
lnφ + 1
2
ln G
=
1
2
ϕ√
2ωL + 3
+
1
2
lnφ0 +
1
2
ln G .
(68)
With {lnφ0, ln G} being constants, substitution of Eq.(68) into
Eq.(67) yields
√−gG =
√
−g˜
(
G˜ + K(
˜∇ϕ)√
2ωL + 3
)
and (69)
K( ˜∇ϕ) = − 2 ˜Rαβ
(
2 ˜∇α ˜∇βϕ + ˜∇αϕ ˜∇βϕ
)
+ ˜ϕ ·
(
2 ˜R + 2˜ϕ − ˜∇αϕ ˜∇αϕ
)
− 2 ˜∇α ˜∇βϕ ·
(
˜∇α ˜∇βϕ + ˜∇αϕ ˜∇βϕ
)
.
(70)
Here one can observe that since the coefficient Ω−4 in √−g =
Ω−4
√−g exactly neutralizes the Ω4 in Eq.(67), the nonmin-
imally φ-coupled Gauss-Bonnet effect
∫
d4x√−gφG could
never be canceled by a conformal rescaling gµν = Ω−2g˜µν.
Hence, the reduced LBD action Eq.(66) is finally transformed
into
S = 116πG
∫
d4x
√
−g˜
{
˜R − 12
˜∇αϕ ˜∇αϕ+
bφ0 exp
(
ϕ√
2ωL + 3
) [
˜G +K( ˜∇ϕ)
] }
,
(71)
which generalizes the canonical Gauss-Bonnet dark energy in
vacuum S = 116πG
∫
d4x√−g
(
R − 12∇αϕ∇αϕ + f (ϕ)G
)
[12]
by the Horndeski-like [30] or Galileon-like [31] kinetics in
K( ˜∇ϕ) for the scalar field.
Note that in the two examples just above, because of the
nonminimal coupling to the scalar field φ(xα), negligible
Gauss-Bonnet effect does not imply a zero Euler character-
istic χ(M) = 132π2
∫ √−gGd4 x = 0 for the spacetime, and
similarly, negligibility of the Chern-Simons effect does not
indicate a vanishing instanton number
∫ ∗RR d4x = 0, either.
Also, for the actions of the Chern-Simons gravity and the
Gauss-Bonnet dark energy in the Jordan frame, in which a
scalar field is respectively coupled to ∗RR and G, we cannot
help but ask that why the scalar field is not simultaneously
coupled to the Ricci scalar? We have previously seen from
Eq.(47) that all algebraic and differential Riemannian invari-
ants stand equal in front of the generalized Bianchi identities,
so are there any good reasons for the scalar field to discrim-
inate among different curvature invariants? We hope that the
LBD gravity help release this tension (at least in empty space-
times), as the scalar field φ indiscriminately couples to all the
LBD invariants {R, ∗RR,G}, and the LBD gravity takes the
Chern-Simons gravity and the Gauss-Bonnet dark energy as
its reduced representations in the Einstein frame.
VII. COSMOLOGICAL APPLICATIONS
Having extensively discussed the theoretical structures of
the LBD gravity, in this section we will apply this theory to the
Friedman-Robertson-Walker (FRW) Universe and investigate
the possibility to realize the late-time cosmic acceleration.
VII.1. Generalized Friedmann and Klein-Gordon equations
The field equation (35) can be recast into a GR form,
Rµν − 12 Rgµν = κ
2Geff
(
T (m)µν + T
(φ)
µν + T (CP)µν + T
(GB)
µν
)
, (72)
where κ2 = 8π, and Geff = 1/φ denotes the effective gravita-
tional coupling strength. T (m)µν + T
(φ)
µν + T
(CP)
µν + T
(GB)
µν ≕ T
(eff)
µν
compromises the total effective stress-energy-momentum ten-
sor, with
κ2T (CP)µν = −aH(CP)µν , κ2T (GB)µν = −bH(GB)µν , and (73)
κ2T (φ)µν =
(
∇µ∇ν − gµν
)
φ +
ωL
φ
(
∇µφ∇νφ − 12gµν∇αφ∇
αφ
)
.
Note that besides the effects of the source term −ωL
φ
∇αφ∇αφ
in LLBD via δ
(
−√−g ωL
φ
∇αφ∇αφ
)
/δgµν, the
(
∇µ∇ν − gµν
)
φ
part from δ
(√−gφR) /δgµν is also packed into T (φ)µν . More-
over, with the four distinct components of T (eff)µν sharing the
same gravitational strength 1/φ, Eq.(72) implicitly respects
the equivalence principle that the gravitational interaction is
independent of the internal structures and compositions of a
test body or self-gravitating object [21].
For the FRW metric of the flat Universe with a vanishing
9spatial curvature index,
ds2 = −dt2 + a(t)2
3∑
i=1
(
dxi
)2
, (74)
∗RR = 0 due to the maximal spatial symmetry, while the Ricci
and Gauss-Bonnet scalars are respectively
R = 6 aa¨ + a˙
2
a2
= 6
(
˙H + 2H2
)
G = 24 a˙
2a¨
a3
= 24H2
(
˙H + H2
)
,
(75)
where overdot denotes the derivative over the cosmic comov-
ing time, and H ≔ a˙/a represents the time-dependent Hubble
parameter. Thus, an accelerated/decelerated flat Universe has
a positive/negative Euler-Poincare´ topological density. With
a perfect-fluid form T µν = diag
[−ρ, P, P, P] assumed for each
component in T (eff)µν [in consistency with the metric signature
(−,+ + +)], the cosmic expansion satisfies the generalized
Friedmann equations(
a˙
a
)2
=
1
3φ
(
κ2ρm − 3H ˙φ + ωL2φ
˙φ2 − 12bH3 ˙φ
)
, (76)
a¨
a
= − 16φ
{
κ2 (ρm + 3Pm) + 3 ¨φ + 3H ˙φ + 2ωL
φ
˙φ2
+ 12bH2 ¨φ + 12b
(
2 ˙H + H2
)
H ˙φ
}
,
(77)
where T (CP)µν = 0 for FRW. Moreover, the kinematical wave
equation (37) and the dynamical wave equation (38) respec-
tively lead to
2ωL
φ
(
¨φ + 3H ˙φ
)
= 6 aa¨ + a˙
2
a2
+
ωL
φ2
+ ¨φ + 24bH2 a¨
a
, (78)
(
2ωL + 3 + 12b
aa¨ + a˙2
a2
) (
¨φ + 3H ˙φ
)
= 24bH2 a¨
a
φ
− 8π (3Pm − ρm) + 12b
(
a¨
a
¨φ +
aa¨ + 2a˙2
a2
H ˙φ
)
.
(79)
In principle, one could understand the evolutions of the scale
factor a(t) and the homogeneous scalar field φ(t) by (prob-
ably numerically) solving Eqs.(76)-(79). However the solu-
tions will be complicated, so we will start with some solution
ansatz for {a(t), φ(t)}, which are easier to work with.
VII.2. Cosmic acceleration in the late-time approximation
The physical matter satisfies the continuity equation
ρ˙m + 3H(ρm + Pm) = 0, (80)
and for pressureless dust Pm = 0, it integrates to yield
ρm = ρ
(m)
0 a
−3 =
ρ
(m)
0
a30
t−3β, (81)
where we have assumed a power-law scale factor
a = a0t
β with β > 1. (82)
Here {a0, β} are constants, and β > 1 so that a¨ > 0. Similarly,
we also take a power-law ansatz for the scalar field,
φ = φ0tγ. (83)
Based on Eqs.(81)-(83), the dynamical wave equation (38)
with T (m) = −ρm for dust yields
γ (2ωL + 3) (3β − 1 + γ) = κ2ρ(m)0
φ0a
3
0
t2−3β−γ
+24bβ
3(β − 1)
t2
− 12bβ2γ
(3β − 3 + γ)
t2
,
(84)
and in the late-time (large t) approximation it reduces to
γ
(
γ + 3β − 1) = 1
φ0
κ2ρ(m)0
a30 (2ωL + 3)
t2−3β−γ, (85)
which can be satisfied by
γ = 2 − 3β and φ0 =
κ2ρ
(m)
0
a30 (2ωL + 3)
(
2 − 3β) . (86)
Moreover, the first Friedmann equation (76) leads to
3β2 = κ2
ρ
(m)
0
a30φ0
t2−3β−γ − 3βγ + ωL
2
γ2 − 12bβ
3γ
t2
, (87)
and with Eq.(86), in the late-time approximation it becomes
3β2 = (2 − 3β) (2ωL + 3) − 3β(2 − 3β) + ωL2 (2 − 3β)
2. (88)
For β = 2, Eq.(88) trivially holds for an arbitrary ωL, while
for β , 2, we have β in terms of ωL via
β =
2 (ωL + 1)
3ωL + 4
. (89)
Note that Eqs.(86) and (89) reuire ωL , −4/3, ωL , −3/2
(β , 2), and β , 2/3; they are simply consequences of
the power-law-solution ansatz and the late-time approxima-
tions rather than universal constraints on ωL, and according
to Eq.(89), the last condition β , 2/3 trivially holds with
β → 2/3 for ωL → ∞. As a consistency test, the kinemat-
ical equation (37) yields
ωL
(
1
2
γ2 − γ + 3βγ
)
= 3β(2β − 1) + 12bβ
3(β − 1)
t2
(90)
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with the late-time approximation
ωL
(
1
2
γ2 − γ + 3βγ
)
= 3β(2β − 1), (91)
which holds for Eqs.(86) and (89). Substituting Eqs.(81),
(82), (83), (86) and (89) into the second Friedmann equation
(77), we obtain
a¨
a
= −2(ωL + 1)(ωL + 2)(3ωL + 4)2 t
−2, (92)
and the deceleration parameter reads
q ≔ − a¨a
a˙2
=
1
2
(
1 + 3 Peff
ρeff
)
=
ωL + 2
2(ωL + 1) . (93)
Eqs.(92) and (93) clearly indicate that the late-time acceler-
ation could be realized for −2 < ωL < −1 (ωL , −4/3,
ωL , −3/2), although this domain of ωL makes the kinetics
of the scalar field noncanonical.
VIII. LOVELOCK-SCALAR-TENSOR GRAVITY
VIII.1. From LBD to Lovelock-scalar-tensor gravity
The LBD gravity can be generalized into the Lovelock-
scalar-tensor (LST) gravity with the action
SLST =
∫
d4x
√−g LLST + Sm and
LLST =
1
16πG
(
f1(φ)R + f2(φ)
∗RR√−g + f3(φ)G
− ω(φ)
φ
∇αφ∇αφ − V(φ)
)
,
(94)
where
{ fi(φ), ω(φ)} are generic functions of the scalar field,
and V(φ) is the self-interaction potential. Note that this time
Newton’s constant G is included in the overall coefficient
1/16πG of LLST, as is the case of the ordinary scalar-tensor
gravity. The gravitational field equation is
f1(φ)
(
Rµν − 12Rgµν
)
+
(
gµν − ∇µ∇ν
)
f1(φ)
− ω(φ)
φ
(
∇µφ∇νφ − 12gµν∇αφ∇
αφ
)
+
1
2
V(φ)gµν + H˜(CP)µν + H˜(GB)µν = 8πT (m)µν ,
(95)
where H˜(CP)µν denotes the contribution from f2(φ)∗RR,
√−g H˜(CP)µν =2∂ξ f2(φ) ·
(
ǫξµαβ∇αRβν + ǫξναβ∇αRβµ
)
+ 2∂α∂β f2(φ) ·
(∗Rα βµ ν + ∗Rα βν µ) , (96)
and H˜(GB)µν attributes to the effect of
√−g f3(φ)G,
H˜(GB)µν =2R
(
gµν − ∇µ∇ν
)
f3(φ) − 4Rµν f3(φ)+
4R αµ ∇α∇ν f3(φ) + 4R αν ∇α∇µ f3(φ)−
4gµνRαβ∇α∇β f3(φ) + 4Rαµβν∇β∇α f3(φ).
(97)
It is straightforward to derive the kinematical wave equation
by δSLST/δφ = 0, which along with the trace of Eq.(95) could
yield the dynamical wave equation, and they generalize the
wave equations (37, 38) in the LBD gravity. The wave equa-
tions however will not be listed here as the interest of this
section is only the field equation δS/δgµν = 0.
VIII.2. Equivalence of LST with fourth-order gravities
It is well known that the f (R) gravity is equivalent to the
nondynamical (i.e. ωBD = 0) Brans-Dicke gravity [27], and
such equivalence holds for the LBD gravity as well. Consider
the fourth-order modified gravity
L =
1
16πG
[
f (R,G) + h
( ∗RR√−g
)]
, (98)
for which the field equation is
fRRµν +
(
gµν − ∇µ∇ν
)
fR − 12 f (R,G)gµν
+H (CP)µν +H (GB)µν = 8πT (m)µν ,
(99)
where
√−gH (CP)µν =2∂ξh∗RR ·
(
ǫξµαβ∇αRβν + ǫξναβ∇αRβµ
)
+ 2∂α∂βh∗RR ·
(∗Rα βµ ν + ∗Rα βν µ) , (100)
and
H (GB)µν =2R
(
gµν − ∇µ∇ν
)
fG − 4Rµν fG +
4R αµ ∇α∇ν fG + 4R αν ∇α∇µ fG −
4gµνRαβ∇α∇β fG + 4Rαµβν∇β∇α fG,
(101)
with fR = fR(R,G) = ∂ f (R,G)/∂R, fG = fG(R,G) =
∂ f (R,G)/∂G, and h∗RR = dh(∗RR/√−g)/d(∗RR/√−g). For
the nondynamical LST gravity with ω(φ) ≡ 0 in Eq.(95),
compare it with Eq.(99) and at the level of the gravitational
equation, one could find the equivalence
f1(φ) = fR , f3(φ) = fG , f2(φ) = h∗RR,
V(φ) = − f (R,G) + fRR . (102)
In the V(φ) relation we have applied the replacement f1(φ) =
fR, and note that V(φ) does not contain a fGG term which
has been removed from H (GB)µν because of the Bach-Lanczos
identity Eq.(32).
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VIII.3. Partial equivalence for “multi-scalar LBD gravity”
Removing the ωL term in Eq.(35) and then comparing it
with Eq.(99), one could find that an equivalence between the
nondynamical LBD gravity (now equipped with an extra po-
tential −U(φ) in LLBD) and the f (R,G) + h
(
∗RR√−g
)
gravity
would require fR = fG = φ = h∗RR, and U(φ) = − f (R,G)
+ fRR. These conditions are so restrictive that the f (R,G) +
h
(
∗RR√−g
)
gravity would totally lose its generality. Instead, in-
troduce three auxiliary fields {χ1, χ2, χ3} and consider the dy-
namically equivalent action
S = 1
16π
∫
d4x
√−g
[
f (χ1, χ2) + fχ1 · (R − χ1) + fχ2 · (G − χ2)
+ h(χ3) + hχ3 ·
( ∗RR√−g − χ3
) ]
+ Sm ; (103)
its variation with respect to χ1, χ2, and χ3 separately yields
the constraints
fχ1χ1 (R − χ1) = 0 , fχ2χ2 (G − χ2) = 0 ,
and hχ3χ3
( ∗RR√−g − χ3) = 0 , (104)
where fχ j ≔ ∂ f (χ1, χ2)/∂χ j, fχ jχ j ≔ ∂2 f (χ1, χ2)/∂χ2j , hχ3 ≔
∂h(χ3)/∂χ3 and hχ3χ3 ≔ ∂2 f (χ3)/∂χ23. If fχ1χ1 , fχ2χ2 and hχ3χ3
do not vanish identically, Eq.(104) leads to χ1 = R, χ2 = G
and χ3 =
∗RR√−g . Redefining the fields {χ1, χ2, χ3} by
φ = fχ1 , ψ = fχ2 , ϕ = hχ3 (105)
and setting
V(φ,ψ,ϕ) =φ · R(φ,ψ) + ψ · G(φ,ψ) + ϕ ·
∗RR√−g (ϕ)
− f
(
R(φ,ψ),G(φ,ψ)
)
− h
( ∗RR√−g (ϕ)
)
, (106)
then the f (R,G)+h
(
∗RR√−g
)
gravity is partially equivalent to the
following “multi-scalar LBD gravity” carrying three nondy-
namical scalar fields
L =
1
16π
(
φR + ϕ
∗RR√−g + ψG − V(φ,ψ,ϕ)
)
, (107)
where the coupling coefficients {a, b} appearing in LLBD have
been absorbed into the scalar fields {ϕ,ψ}. Also, by “partially
equivalent” we mean that Eq.(106) as is stands is only par-
tially on-shell; to recover Eq.(98) from the multi-field action
of Eq.(107), one would have to add extra Lagrange multipliers
identifying the different fields, but this would break the exact
equivalence between such modified Eq.(107) and Eq.(98).
IX. CONCLUSIONS AND DISCUSSION
The Hilbert-Einstein action SHE and the Lovelock action
SL yield identical field equations and thus are observationally
indistinguishable. However, the former takes the Brans-Dicke
gravity as its scalar-tensor counterpart, while the latter’s com-
panion is the LBD gravity, and these two theories are different.
We have extensively studied the theoretical structures of
the LBD gravity, including the gravitational and wave equa-
tions, the ordinary ωL → ∞ limit that recovers GR, the un-
usual ωL → ∞ limit satisfying the topology balance condition
Eq.(41) and thus departing from GR, the energy-momentum
conservation, the conformal transformations into the dynam-
ical Chern-Simons gravity and the generalized Gauss-Bonnet
dark energy, as well as the extensions to LST gravity with its
equivalence to fourth-order modified gravity.
We have taken the opportunity of deriving the field equa-
tion to look deeper into the properties of the Chern-Pontryagin
and Gauss-Bonnet topological invariants. Especially, for the
f (φ)G Gauss-Bonnet dark energy as well as the f (R,G) and
f (R,G,Lm) gravities, the contributions of the generalized
Gauss-Bonnet dependence could be simplified from the pop-
ular form like Eq.(31) into our form like Eq.(33).
An important goal of alternative and modified gravities is
to explain the accelerated expansion of the Universe, and we
have applied the LBD theory to this problem, too. It turned
out that the acceleration could be realized for −2 < ωL < −1
under our solution ansatz. Note that our estimate of cosmic
acceleration in Sec. VII is not satisfactory. For example, the
kinematical equation (90) clearly shows that because of the
higher-order time derivative terms arising from the φG depen-
dence, the simplest solution ansatz {φ = φ0tγ, a = a0tβ} with
{β=constant, γ=constant} are not compatible with each other
unless the late-time approximation is imposed, while such ap-
proximations further lead to the behaviors analogous to the
Brans-Dicke cosmology [32].
Section VII has shown that, the effects from the parity-
violating Chern-Pontryagin term φ∗RR are ineffective for
the FRW cosmology because of its spatial homogeneity and
isotropy. However, it is believed that φ∗RR could have
detectable consequences on leptogenesis and gravitational
waves in the initial inflation epoch [33] where φ acts as the
inflaton field. The inflation problem usually works with the
slow-roll approximations ¨φ ≪ ˙φ ≪ H and requires the exis-
tence of a potential well V(φ); thus, at least for the description
of the initial inflation, the LBD gravity should be generalized
to carry a potential:
L̂LBD =
1
16π
[
φ
(
R + a
∗RR√−g + bG
)
− ωL
φ
∇αφ∇αφ − V(φ)
]
,
(108)
with V(φ) = 2Λφ being the simplest possibility.
Our prospective studies aim to construct the complete his-
tory of cosmic expansion in LBD gravity [probably equipped
with V(φ)], throughout the dominance of radiation, dust, and
effective dark energy. Moreover, it is well known that primor-
dial gravitational waves can trace back to the Planck era of
the Universe and serve as one of the most practical and effi-
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cient tests for modified gravities, so it is very useful to find
out whether the gravitational-wave polarizations carry differ-
ent intensities in this gravity. There are also some other prob-
lems from the LBD gravity attracting our attention, such as its
relation to the low-energy effective string theory. We will look
for the answers in future.
ACKNOWLEDGEMENT
DWT is very grateful to Prof. Christian Cherubini (Univer-
sita` Campus Bio-Medico) for helpful discussion on the topo-
logical current for the Gauss-Bonnet invariant. Also, we are
very grateful to the anonymous referees for constructive sug-
gestions to improve the manuscript. This work was financially
supported by the Natural Sciences and Engineering Research
Council of Canada, under the grant 261429-2013.
[1] David Lovelock. The uniqueness of the Einstein field equations
in a four-dimensional space. Archive for Rational Mechanics
and Analysis 33, 54-70 (1969).
David Lovelock, Hanno Rund. Tensors, Differential Forms, and
Variational Principles. Section 8.4: The field equations of Ein-
stein in vacuo. New York: Dover Publications, 1989.
[2] Sean M. Carroll, Antonio De Felice, Vikram Duvvuri, Damien
A. Easson, Mark Trodden, Michael S. Turner. The cosmology of
generalized modified gravity models. Phys. Rev. D 71, 063513
(2005). [astro-ph/0410031]
[3] Shin’ichi Nojiri, Sergei D. Odintsov. Modified Gauss-Bonnet
theory as gravitational alternative for dark energy. Phys. Lett.
B 631, 1-6 (2005). [hep-th/0508049]
[4] Guido Cognola, Emilio Elizalde, Shin’ichi Nojiri, Sergei D.
Odintsov, Sergio Zerbini. Dark energy in modified Gauss-
Bonnet gravity: late-time acceleration and the hierarchy prob-
lem. Phys. Rev. D 73, 084007 (2006). [hep-th/0601008]
Shin’ichi Nojiri, Sergei D. Odintsov. Introduction to modified
gravity and gravitational alternative for dark energy. Int. J.
Geom. Meth. Mod. Phys. 4, 115-146 (2007). [hep-th/0601213]
[5] Antonio De Felice, Shinji Tsujikawa. f (R) theories. Living Rev.
Rel. 13, 3 (2010). [arXiv:1002.4928]
Salvatore Capozziello, Valerio Faraoni. Beyond Einstein Grav-
ity: A Survey of Gravitational Theories for Cosmology and As-
trophysics. Dordrecht: Springer, 2011.
Shin’ichi Nojiri, Sergei D. Odintsov. Unified cosmic history in
modified gravity: from F(R) theory to Lorentz non-invariant
models. Phys. Rept. 505, 59-144 (2011). [arXiv:1011.0544]
[6] David Lovelock. The Einstein tensor and its generalizations. J.
Math. Phys. 12, 498-501 (1971).
T. Padmanabhan, D. Kothawala. Lanczos-Lovelock models of
gravity. Phys. Rept. 531, 115-171 (2013). [arXiv:1302.2151]
[7] Timothy Clifton, Pedro G. Ferreira, Antonio Padilla, Constanti-
nos Skordis. Modified gravity and cosmology. Phys. Rept. 513,
1-189 (2012). [arXiv:1106.2476]
[8] Rafael Ferraro, Franco Fiorini. Modified teleparallel gravity:
Inflation without inflaton. Phys. Rev. D 75, 084031 (2007). [gr-
qc/0610067]
Gabriel R. Bengochea, Rafael Ferraro. Dark torsion as
the cosmic speed-up. Phys. Rev. D 79, 124019 (2009).
[arXiv:0812.1205]
[9] C. Brans, R.H. Dicke. Mach’s principle and a relativistic theory
of gravitation. Phys. Rev. 124: 925-935 (1961).
[10] Yasunori Fujii, Kei-Ichi Maeda. The Scalar-Tensor Theory of
Gravitation. Cambridge: Cambridge University Press, 2004.
Valerio Faraoni. Cosmology in Scalar-Tensor Gravity. Dor-
drecht: Kluwer Academic Publishers, 2004.
[11] R. Jackiw, S. Y. Pi. Chern-Simons modification of general rela-
tivity. Phys. Rev. D 68, 104012 (2003). [gr-qc/0308071]
[12] Shin’ichi Nojiri, Sergei D. Odintsov. Gauss-Bonnet dark en-
ergy. Phys. Rev. D 71, 123509 (2005). [hep-th/0504052]
[13] Shin’ichi Nojiri, Sergei D. Odintsov. Gravity assisted dark en-
ergy dominance and cosmic acceleration. Phys. Lett. B 599,
137-142 (2004). [astro-ph/0403622]
Gianluca Allemandi, Andrzej Borowiec, Mauro Francaviglia,
Sergei D. Odintsov. Dark energy dominance and cosmic ac-
celeration in first order formalism. Phys. Rev. D 72, 063505
(2005). [gr-qc/0504057]
Orfeu Bertolami, Christian G. Boehmer, Tiberiu Harko, Fran-
cisco S.N. Lobo. Extra force in f (R) modified theories of grav-
ity. Phys. Rev. D 75, 104016 (2007). [arXiv:0704.1733]
Tiberiu Harko, Francisco S N Lobo. f (R, Lm) gravity. Eur.
Phys. J. C 70, 373-379 (2010). [arXiv:1008.4193]
Tiberiu Harko, Francisco S.N. Lobo, Shin’ichi Nojiri, Sergei
D. Odintsov. f (R,T ) gravity. Phys. Rev. D 84, 024020 (2011).
[arXiv:1104.2669]
[14] David Wenjie Tian, Ivan Booth. Lessons from f (R,R2c ,R2m,Lm)
gravity: Smooth Gauss-Bonnet limit, energy-momentum con-
servation, and nonminimal coupling. Phys. Rev. D 90: 024059
(2014). [arXiv:1404.7823]
[15] C. Cherubini, D. Bini, S. Capozziello, R. Ruffini. Second order
scalar invariants of the Riemann tensor: Applications to black
hole space-times. Int. J. Mod. Phys. D 11, 827-841 (2002). [gr-
qc/0302095]
[16] Efstratios Tsantilis, Roland A. Puntigam, Friedrich W. Hehl.
A quadratic curvature Lagrangian of Pawlowski and Raczka:
A Finger exercise with MathTensor. Relativity and Scientific
Computing: Computer Algebra, Numerics, Visualization. Page
231-240. Springer: Berlin, 1996. [gr-qc/9601002]
[17] Alexandre Yale, T. Padmanabhan. Structure of Lanczos-
Lovelock Lagrangians in critical dimensions. Gen. Rel. Grav.
43, 1549-1570 (2011). [arXiv:1008.5154]
[18] R. Jackiw. Scalar field for breaking Lorentz and diffeomorphism
invariance. J. Phys. Conf. Ser. 33, 1-12 (2006).
R. Jackiw. Lorentz violation in a diffeomorphism-invariant the-
ory. pp. 64-71 in Proceedings of the Fourth Meeting on CPT
and Lorentz Symmetry (edited by V. Alan Kostelecky, published
by World Scientific.). [arXiv:0709.2348]
[19] Stephon Alexander, Nicola´s Yunes. Chern-Simons modi-
fied general relativity. Physics Reports, 480: 1-55 (2009).
[arXiv:0907.2562]
[20] Charles W. Misner, Kip S. Thorne, John Archibald Wheeler.
Gravitation. San Francisco: W H Freeman Publisher, 1973.
[21] Clifford M. Will. Theory and Experiment in Gravitational
Physics (Revised edition). Cambridge: Cambridge University
Press, 1994.
[22] Cornelius Lanczos. A remarkable property of the Riemann-
Christoffel tensor in four dimensions. Annals of Mathematics
13
39, 842-850 (1938).
[23] Bryce S. DeWitt. Dynamical Theory of Groups and Fields.
Chapter 16, Specific Lagrangians. New York: Gordon and
Breach, 1965.
[24] Switching from the sign convention in Ref.[11] to the con-
vention in our paper and Ref.[20], the signs for the follow-
ing quantities are changed: gµν, Γαβγ, Rαµβν, Rµν = Rαµαν,
Gµν = Rµν − 12 Rgµν, T (m)µν , Λ (cosmological constant) while
the following quantities take unchanging values: √−g, ǫαβµν,
ǫαβµν, Γ
α
µν, Rαµβν, R = gµνRµν. Moreover, Ref.[11] defined ∗RR
by
(
ǫαβµνRµνγδ
)
Rαβγδ = 2∗Rαβγδ Rαβγδ = −2∗RR, differing from
ours by a minus sign, as we choose to follow Lovelock’s usage
which is more popular and standard.
[25] Steven Weinberg. Effective field theory for inflation. Phys. Rev.
D 77, 123541 (2008). [arXiv:0804.4291]
[26] C. Romero, A. Barros. Does Brans-Dicke theory of gravity go
over to the general relativity when ω→ ∞? Phys. Lett. A 173,
243-246 (1993).
N. Banerjee, S. Sen. Does Brans-Dicke theory always yield gen-
eral relativity in the infinite ω limit? Phys. Rev. D 56, 1334-
1337 (1997).
Valerio Faraoni. The ω→ ∞ limit of Brans-Dicke theory. Phys.
Lett. A 245, 26-30 (1998). [gr-qc/9805057]
Valerio Faraoni. Illusions of general relativity in Brans-Dicke
gravity. Phys. Rev. D 59, 084021 (1999). [gr-qc/9902083]
A. Bhadra, K.K. Nandi. ω dependence of the scalar field in
Brans-Dicke theory. Phys. Rev. D 64, 087501 (2001). [gr-
qc/0409091]
[27] Arthur S. Eddington. The Mathematical Theory of Relativity
(2nd edition). Sections 61 and 62. London: Cambridge Uni-
versity Press, 1924.
Guido Magnano, Leszek M. Sokolowski. Physical equivalence
between nonlinear gravity theories and a general-relativistic
self-gravitating scalar field. Phys. Rev. D 50, 5039-5059
(1994). Note: It is Appendix A. Generalized Bianchi identity
and conservation laws in its preprint [gr-qc/9312008], which
was removed after official publication.
[28] Robert Bluhm. Explicit versus spontaneous diffeomorphism
breaking in gravity. Phys. Rev. D 91, 065034 (2015).
[arXiv:1401.4515]
[29] Mariusz P. Dabrowski, Janusz Garecki, David B. Blaschke.
Conformal transformations and conformal invariance in gravi-
tation. Annalen der Physik 18, 13-32(2009). [arXiv:0806.2683]
[30] Gregory Walter Horndeski. Second-order scalar-tensor field
equations in a four-dimensional space. Int. J. Theor. Phys. 10,
363-384 (1974).
[31] Alberto Nicolis, Riccardo Rattazzi, Enrico Trincherini. The
Galileon as a local modification of gravity. Phys. Rev. D 79,
064036 (2009). [arXiv:0811.2197]
C. Deffayet, G. Esposito-Farese, A. Vikman. Covariant
Galileon. Phys. Rev. D 79, 084003 (2009). [arXiv:0901.1314]
C. Deffayet, S. Deser, G. Esposito-Farese. Generalized
Galileons: All scalar models whose curved background exten-
sions maintain second-order field equations and stress tensors.
Phys. Rev. D 80, 064015 (2009). [arXiv:0906.1967]
[32] O. Bertolami, P.J. Martins. Nonminimal coupling and
quintessence. Phys. Rev. D 61, 064007 (2000). [gr-qc/9910056]
Narayan Banerjee, Diego Pavon. Cosmic acceleration without
quintessence. Phys. Rev. D 63, 043504 (2001). [gr-qc/0012048]
Writambhara Chakraborty , Ujjal Debnath. Role of Brans-
Dicke theory with or without self-interacting potential in cos-
mic acceleration. Int. J. Theor. Phys. 48, 232-247 (2009).
[arXiv:0807.1776]
[33] Stephon H.S. Alexander, Michael E. Peskin, M.M. Sheikh-
Jabbari. Leptogenesis from gravity waves in models of inflation.
Phys. Rev. Lett. 96, 081301 (2006). [hep-th/0403069]
